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Abstract 

In this work wc study the smoothing effect of rough differential equations driven by a frac- 
I — . tional Brownian motion with parameter H > 1/4. The regularization estimates we obtain 

generalize to the fractional Brownian motion previous results by Kusuoka and Stroock and can 
be seen as a quantitative version of the existence of smooth densities under Hormander's type 
_j ■ conditions. 
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1 Introduction 

In this paper, we study stochastic differential equations driven by a fractional Brownian motion 
with Hurst parameter H G (1/4, 1). More precisely, let us consider the equation 

Xf = x + J2fv t (X^)dB i s , (1.1) 

where the vector fields V\,. . . ,Vd are C°°-bounded vector fields on W 1 and where B is a R -valued 
centered Gaussian process with covariance 

E (B s ®B t ) = ±(t 2H + s 2H -\t-s\ 2H ). 

The parameter H is the so-called Hurst parameter of the fractional Brownian motion. It quantifies 
the sample path regularity of B since a straightforward application of the Kolmogorov continuity 
theorem implies that the paths of B are almost surely locally Holder of index H — e for < e < H. 
When H = 1/2, B is a Brownian motion. Fractional Brownian and equations driven by it appear 
as a natural model in biology and physics (see for instance [111121^ [22]). 

If if > 1/2, then the paths of B are regular enough and the equation (jl.ip is understood in the 
sense of Young. Existence and uniqueness of solutions are well-known in that case (see |X9(, 123]). 
When 1/4 < H < 1/2, it can be shown (see [7]) that B can canonically be lifted as a geometric 
p-rough path with p > 1/H. As a consequence, rough paths theory (see [8l[T7j) can be used to give 
a sense to what is solution of equation (jl.ip . In the case H = 1/2, this notion of solution coincides 
with the solution of the corresponding Stratonovitch stochastic differential equation. 

In the past few years, the study of the regularity of the law of Xf has generated great amount of 
work. In [2], the authors prove, in the regular case H > 1/2, that if the vector fields V±, ■ ■ ■ , Vj 
satisfy the classical Hormander's bracket generating condition, then for t > 0, the random variable 
Xf admits a smooth density with respect to the Lebesgue measure. In [3], the authors prove, in 
the case H > 1/4, and under the same assumption on the vector fields, the existence of the density. 
The smoothness of this density is proved in |10j for H > 1/3, conditioned on the integrality of the 
Jacobian of such systems which is established in [6] . Finally, smoothness of the density function in 
the case H > 1/4 is proved in [5]. 

The regularity of the law of Xf is intimately related to the regularization properties of the operator: 

P t f(x) = E(f(Xf)), 

that is defined for a Borel and bounded function /. It should be denoted that when H ^ 1/2, (Pt)t>o 
is not a semigroup and that there is no direct connection with the theory of partial differential 



equations unless the vector fields V\, ■ ■ ■ , Va commute (see [T] for further discussion on that aspect). 
By regularization property of Pt, we mean that P% has "smoothing" effect on the initial datum /: If 
/ is a Borel and bounded function /, then Ptf is a smooth function for every t > 0. In the Brownian 
motion case, that is if H = 1/2, the regularization property of Pt has been extensively studied and 
explicitly quantified by Kusuoka and Stroock |12l [T3| [14] and Kusuoka [15] , In particular, in his 
work |15| , Kusuoka introduces the UFG condition on the vector fields (this is our Assumption I3.ip 
and proves that if this condition is satisfied, then the following theorem holds: 

Theorem 1.1 (Brownian motion case, Kusuoka |15| ) Let x G W 1 . For any integer k > 1 and 
< i\i ' ' ' i *fc — d, there exists a constant C > (depending on x) such that for every C°° bounded 
function f and t G (0, 1], 

\v h ---v ik Ptf{x)\<cr k i 2 \ 



The main purpose of the present paper is to generalize this statement to any H G (1/4, 1). More 
precisely, we prove the following theorem: 

Theorem 1.2 (Fractional Brownian motion case) Assume H G (1/4, 1) and that the vector 
fields V\, ■ ■ ■ , Vd satisfy the Kusuoka's condition UFG (see Assumption \3. 1}) . Let x G W 1 . For any 
integer k > 1 and < ii, ■ ■ • , ij~ < d, there exists a constant C > (depending on x) such that for 
every C°° bounded function f and t G (0, 1], 



\V h ---V ik P t f(x)\ <Ct 



-Hk 



Our result is obviously an extension of Kusuoka's result, since it encompasses the case H = 1/2. It 
is interesting to observe that the framework given by the most recent developments in rough paths 
theory (see in particular [SJ El [10]) actually simplifies Kusuoka's approach and, in our opinion, 
provides an overall simpler and clearer proof of his result which originally built on [121 fl3l fl~4j . 
We should mention that Theorem 11.21 was already proved by two of the authors in the regular case 
H > 1/2 and under a strong ellipticity assumption on the vector fields, see [3]. The rough setting 
and the more general UFG assumption on the vector fields make the proof of Theorem 11.21 much 
more difficult. 

The paper is organized as follows. In Section 2, we give the necessary background on Malliavin 
calculus that will be needed throughout the paper. Section 3 is devoted to the proof of the main 
technical estimates that are needed. It is the heart of our contribution. In the Brownian motion 
case, similar estimates are obtained in |13[ [T4l 115] . but the proof of those heavily relies on Markov 
and martingale methods. We prove here that such estimates may be obtained in a more general 
setting by using quantitative versions of Norris' type lemma (see [2] and |10j ) which are based 
on interpolation inequalities and by using small ball probability estimates for fractional Brownian 



motions (see [IB]). Once these estimates are obtained, after some work the integration by part 
technique of Kusuoka-Stroock [14] and Kusuoka [E] can essentially be adapted to the fractional 
Brownian motion case after suitable changes. Let us however observe that we obtain the correct 
order in t by using a rescaling argument on the vector fields V^'s instead of analyzing the small time 
behavior of the estimates of Section 2. 

2 Stochastic differential driven by fractional Brownian motions 

In this preliminary section, we present the tools about the stochastic analysis of fractional Browian 
motion that are needed for the remainder of the paper. 

2.1 Fractional Brownian motion 

A fractional Brownian motion B = {B 1 ,--- ,B d ) is a d-dimensional centered Gaussian process, 
whose covariance is given by 

R (t, s) := E (b{ b(\ = - (s 2H + t 2H -\t- s\ 2H ) , for s, t <E [0, 1] and j = 1, . . . , d. 

In particular it can be shown, by a standard application of Kolmogorov's criterion, that B admits 

a continuous version whose paths are 7-Holder continuous for any 7 < H. 

Let £ be the space of R -valued step functions on [0,1], and H. the closure of £ for the scalar 

product: 

d 

((l[o,ti]>--- , l[o,t d ])>(l[o,.si]r-- A\o, Sd ]))n = y^RjU^Si). 

i=l 

When H > \ it can be shown that L 1 / H ([0, l],M d ) C H, and that for <f),ij} G L x / H ([0, l],M d ), we 

have 

(0, ^) H = H(2H - 1) / / \s-t \ 2H ~ 2 (^(s),m)^dsdt. 
Jo Jo 

The following interpolation inequality that was proved in [2], will be an essential tool in our analysis. 
For every 7 > H — %, there exists a constant C such that for every continuous function / € %, 

,344 



where 



H > C^f-r, (2.2) 

7 



is the usual Holder norm. 
When I < H < i one has 



0<s<t<l \t — S\i 



«CL 2 ([0,1]) 



and the following interpolation inequality classically holds for every / G "H, 

\\f\\n>C\\f\\ L 2. 

Let us also mention the following inequality that is useful to bound from below the L 2 norm by the 
supremum norm and the Holder norm 

||/|| 00 <2max|||/|| L2 ,||/||^ T ||/|| 7 ^ T 
Such inequality was already used in connection with the space % in |1UJ . 

2.2 Malliavin calculus 

Let us remind the basic framework of Malliavin calculus (see [TH] for further details). A real valued 
random variable F is then said to be cylindrical if it can be written, for a given n > 1, as 



F = f 



(J (hl,dB s ),...,J (K,dB s )) , 



where h l G % and / : W 1 — > R is a C°°-bounded function. The set of cylindrical random variables 
is denoted S. 

The Malliavin derivative is defined as follows: for F G S, the derivative of F is the M. d valued 
stochastic process (D t F)o<t<i given by 

B t F = JTh\t)^(j\hl,dB s ),...j\h^dB s )y 

More generally, we can introduce iterated derivatives. If F G 5, we set 

For any p > 1, it can be checked that the operator D fc is closable from S into L p (fi). We will denote 
by D fc,p the domain of this closure, that is closure of the class of cylindrical random variables with 
respect to the norm 

iiF|| fciP =f E (|Fn + E 1E (!l DJi? IIU. 

and 

D°° = p| p| B k > p . 

p>lk>l 

For p > 1 we can consider the divergence operator 5 which is defined as the adjoint of D defined on 
L p (il). It is characterized by the duality formula: 

E(F6u)=E((DF,u) H ), FeB llP . 

It is proved in [18], Proposition 1.5.7 that 5 is continuous from 3 l,p into L p (fi). 




2.3 Stochastic differential equations driven by fractional Brownian motions 

In this paper, we will consider the following kind of equation: 



Xf=x + J2f t Vi(Xf)dBi, (2.3) 



where the vector fields V\, . . . , V4 are C°° bounded vector fields on W l and where B is a fractional 

Brownian motion with parameter H G (1/4, 1). 

If H > 1/2. The equation f|2.3[) is understood in Young's sense, but if H E (1/3, 1/2], we need to 

understand the equation in the sense of rough paths theory (see e.g. [7J [8]). In both cases, the 

C°° boundedness of the vector fields is more than enough to ensure the existence and uniqueness 

of solutions. 

Once equation (|2.3|) is solved, the vector Xf is a typical example of random variable which can be 

differentiated in the sense of Malliavin. It is classical that one can express this Malliavin derivative in 

terms of the first variation process J of the equation, which is defined by the relation JqL^ = d x X^' 1 . 

Setting dVj for the Jacobian of Vj seen as a function from M. n to M. n , it is well known that J is the 

unique solution to the linear equation 

d ,-t 
Jo-n = I + V / dVj{X x s ) J ^s dBi, (2.4) 

J=i Jo 

and that the following results hold true (see [1] and |20] for further details): 

Proposition 2.1 Let X x be the solution to equation i2.3\) . Then for every i = 1, . . . , n and t > 0, 

and xeR n , we have X?'* G B°° and 

Dpr? = Js^tVjiXs), j = i,...,d, o<s<t, 

where DiX^' 1 is the j-th component ofDsX^' 1 , Jo->« = d x Xf and J s ^t = Jo-ftJo^ s - 

We finally mention the recent result [6] , which gives a useful estimate for moments of the Jacobian 
of rough differential equations driven by Gaussian processes. 

Proposition 2.2 Let p > 1/H . For any n > 0, 

E (|| J||^ ar;[0> i]) < +00, (2.5) 

where \\ ■ || p - mr ;[o,i] denotes the p-variation norm on the interval [0,1]. 



3 Basic estimates 

Let us consider vector fields V u ■ ■ ■ , V d on R n . Let A = {0} U U^LiI 1 - 2 , ■ ■ ■ > 4 fc and ^ = A\ {0}. 
We say that I £ A is a word of length k if / = (ii, • • • , i&) and we write |/| = k. If J = 0, then 
we denote |/| = 0. For any integer I > 1, we denote by >4.(Z) the set {/ £ ^4; |7| < /} and by A±(l) 
the set {/ G Al; |/| < /} . We also define an operation * on A by I * J = (%i, ■ ■ ■ , ik,jx, • • • ,,?;) for 
/=(?!,••• ,ifc) and J = (ji, ■ ■ ■ ,ji) in A. We define vector fields Vj/j inductively by 

V[j] = V,-, Vj/^-j = [V[/|, Vj], j = 1, • • • , <i 

Throughout this paper, we will make the following assumptions on the vector fields. 

Assumption 3.1 

1. The V-s are bounded smooth vector fields on W 1 with bounded derivatives at any order. 

2. There exists an integer I > 1 and ujj G C^°(1R' 1 ,IR) such that for any x G W 1 

V {I] (x)= Y, ^(x)V {J] (x), It A! (3.6) 

JeA(l) 

The second condition was introduced by S. Kusuoka in [15]. It holds for a system of vector fields 
that satisfy a uniform strong Homander's bracket generating condition, but observe that in order 
that Assumption 13.11 holds . it is not even necessary that the bracket generating condition holds. 
Let us consider the following rescaled differential equations, which depend on the parameter e > 0: 



=x + j^fe H V l {Xr)dBl (3.7) 

„■_-, Jo 



i=i J0 



Clearly, the rescaled vector fields Vf are defined as Vf(x) = e H Vi(x). More generally, for any 
I G A\{1), we denote Vfrix) = e^V^x). Note that: 

V( I] {x)=e\ I \ H V [I] {x) 

= J2 6 |T| V(*)VIJ](X) 
J€Ai(l) 

= Y: e (|/HJ|) ^/(x)^(x) 
J&Aitf) 

= y "i'\x)V[jp) 



where w/' e (x) = e^-\ J \^ H uj{x). 

It is known that for any e € (0, 1] and any t > 0, the map $|(x) = X^ : M. n — >• M n is a flow of C°° 
diffeomorphism (see [8]). We denote the Jacobian of &t( x ) by <^o-s>4 = dx • ^ s we men ti° ne d it 
earlier, Jo_> t and (Jo_> t ) _1 satisfies the following linear equations: 



dJ^t = E dVi{Xt' x )J^ t dBl with 4 = 1 (3.8) 

and 

d 
d(Jo%t) _1 = " E( J o->*) _1 ^ e ( X r)^l> with (Jo)" 1 = I (3-9) 

i=\ 

Let us introduce a linear system /3 7 ' e (t,x) that satisfies the following linear equations: 



(3.10) 



dpf\t,x)=Y J [ E -"%(xnp J K%x)\dBi 

Lemma 3.2 Fix e £ (0, 1]. For any I G Ai(l), we have: 

(j^ t r l (v [ ] ] (xn)= e tf%*)v&\<*) 

JeAi{l) 
Proof. To simpify the notation, let us denote 

aKt,x) = (J^ t )-\V [ } ] (Xn) 

and 

b}(t,x) = J2 tf'&xWfoix) 
JeAi(l) 

Clearly by definition, we have aj(0,x) = 6f(0, x) = V^Ax). Next, we show that a e T (t,x) and b e j(t,x) 

satisfy the same differential equation. Indeed, by change of variable formula, we have: 

da\{t,x)=d{J^ t )-\V{ I] {X^)) 

=E E -^(^xjs^v&ww 

j=UeA(i) 



E E -<w>sm<^ 

3=1 JdAi{l) 



on the other hand, by the definition of /3/ e (£, x), we have: 



db}(t,x)=d( ]T P?>%x)Vfa{x)) 
KeAi(l) 

= J2 df3?' e (t,x)Vf K] (x) 
KeAi{l) 

=E E -<W) E /3f £ (^)^](^)^' 

i=Ue^i(f) K &4i (I) 

E E -^{xtnm^dBi 

j=UeAi(l) 
And the result follows by the uniqueness of solutions. 
The following lemma gives the order of (3j' e (t,x). 

Lemma 3.3 Let I,J € Ai(l) such that \I\ < \J\, then 

^(t, x) = J2 ^(-l) |L| Bf + jf(t, x) 

L&A 



where 



holds for any p > 1 . 



sup E 

xeR n 



sup r( I+1 -i J i) H |7|' J (t,x)| 

,te(o,i],ee(o,i] 



< oo 



□ 



Proof. Let us consider the Taylor expansion obtained by iterating the equation (|3.10p . Note that 
since 

V [I] (x)= J2 "l( x ) V V]( x ) 
JeAi(l) 

then we know that for any e £ (0, 1] and when |/| < I, ujj' e = uij = 5j. For any I, J £ Ai(l) with 
|/| < \J\, we have: 



J=l ° \KGAi(l) 

=tf +E I \-i)Pi: J (s,x)dBi 
i=i J ° 



!)(3 J /(s,x)\dBi 



Now let us iterate this equation I — 1 1\ + 1 times and we have: 

rt e (t, X ) =<*/+ e f (-i)ni: h {^ x ) dBl s\ 
h=i ° 



h= 



rf d c-t r-si 



/i=l Ii,! a =r° ^ 



LGA L,j KeAi(l) ° ° 

E^L(-l) |L| ^ + 7l' J (i,x) 



Le.4 
where 7^' (£, x) denotes the remainder term. Now, as an application of Theorem 10.41 in [8] (see 
also PQ), there exists a random variable C S L p such that: 

ij K&Ai{l) 
where 7 > l/-ff and || • ||lj P 7-i is the 7 — 1-Lipschitz norm. The result follows then easily. □ 

Remark 3.4 Note that 

y S j L (-l)l^ = I (- 1 )' i "^> ifJ = I* K for some KgA 
~. * I 0, otherwise 

Therefore, when t — > 0, the dominating term of /3j (£, x) is of order 0(t H (' J '~' I '>). 

Now, let us introduce the following notations: for any J £ Ai(l), 

D^f(xr) = <D./(Xf' £ ),/? J ' £ (-, ^)l[o,t](-))« 
where we denote by (3 J ' e (-,x) the column vector (/^ ,e (-,x))j = i „. For any /, J G ^4.! (Z) , we define 

M| jJ (t,x) = (/3^(-, x)l m (.),(3 J >*(., x)l M (-)) H - 

In the following part, we will only consider the case t = 1 and we write M\ j{x) instead of M\ j(l, x). 
The following theorem is the main result of this section and the main technical difficulty of our 
work: 

Theorem 3.5 For any p £ (1, 00), 



sup E(||(M) iJ (x)) /iJeA(0 ||- p )<oo 
ee(o,i],xei8 n 



10 



The proof of the Theorem 13.51 is splitted in several steps. 



Lemma 3.6 For m > and p > 1, there exists a constant CH,d, P > such that for any small e > 



sup P 






ai B{ 



< CH, n , P e p 



< e 

oo,[0,l] / 

Proof. We first prove the statement when if > 1/2. Note that when m = 0, A(m) = {0} and 
1 1 c£0 1 1 = 1. The statement is true for any e < 1. When m = 1, A(m) = {0, 1,2, ••• ,d}. Let 
/(£) = a$ + 5Zt=i a {i}-^« - ^ e first assume that a0 = 0, then f(t) = Yli=i a {i}^t nas the same law 
as one dimensional fractional Brownian motion Bf. Then by Theorem 4.6 in [16] we have: 

P(ll/(t)lloo,[o,i] < e) = n\\Bt\\oo,[o.i] <e)< C H , P e p 
Now if a$ t^ 0, since /(0) = ay, we have: 

P(ll/(*)lloo,[o,i] < £ ) <P(ll/(t)lloo,[o,i] < e > W > e) +P(||/(t)|| 00)[ o,i] < e, M < e) 
=P(l|/(t)lk[o,i]<e, |o0|<e) 



<P(|| Y^ a {i} B t\\oo,[o,i] ~ \a<n\ < e> 1 00 1 < e) 

d 

<P(||^a {j}J Bi|| oo>[0il] <2e) 
=1 

d 

E- 



t=i 



<p 



i=l 



E« 



w 



2e 



oo,[0,l] 



E« 2 



{<} 



Note that when | a.0 1 < e, we have Yli=i a m — 1 — e 2 - Therefore when e < ^, we have 



P(ll/(Olkp,i]<<0<P 



£ 



0{ 4 } 



«=i 



£«?* 



3 



<4e 



oo,[0,l] 






p c ) 



where the last inequality follow by the earlier case when a$ = 0. Now we assume that the statement 
is true for every k = 0, 1, • • • ,m. As in the case when m = 1, we may assume that a$ = O.Let 
f(t) = 2_, a i^t with the restriction N aj = 1. Note that -B/'s are iterated integrals 

IeAi(m+l) IeAi(m+l) 



11 



and we have B t * J = / B s dB 3 s . Therefore, 
Jo 



fit) = Yl a * Bl t 

IeAi(m+l) 



E/| E w?/W, 

3=1 ° \Je^(m) / 



where >^ ^^ aj„.j = 1. Now by Propostion 3.4 in [2], we have: 
j=l Je^l(m) 



P(||/(t)||oo,[o,i]< e )<Q^+ min 

7=1,- ,n 



E a ^*j- B * 

JeA(m) 



<e H 



oo,[0,l] 



n z > - 



Note that since ]Cj = i Eje.4(m) a j*j = *> tnere exists 1 < & < d such that Sje^( m ) "J*/? - 3- 
Therefore, 



P(ll/(*)lloc,[o,i]<e)<Q,e p + 



2 , a J*kB£ 
J&A(m) 



<e y 



oo,[0,l] 



<C p e p + 



<C p e p + 



<C HA p£ P 



JdA(m) \Y. a J*k 



a J*k gj 



< 



JeA(m) JJ2 a j*k 



a J*k R J 



oo,[0,l] 



oo,[0,l] 



l^ a J*k 



< 



Vde q 



where the last inequality follows by the induction hypothesis. When a% / 0, we repeat the argument 
in case m = 1. 

Now we turn to the irregular case when 1/4 < H < 1/2. For the base case m = or m = 1, the 
same argument as in the regular case H > 1/2 works. We just need the irregular version of the 
Norris lemma ( see Theorem 5.6 in [5]) to run the induction. Assume that the statement is true for 
k = 0, 1, • • • m. Let /(£) = > a iB t with the restriction >, O/ = 1. 

IeAi(m+l) l£Ai(m+l) 

We have: 

f(t) = [ A s dB s , 
Jo 

where B t = (Bj, ■ ■ ■ , B t d ) and A t = (Ej 6 .4(m) aj.i-B/, • • • , Ej 6 .4(m) a J*d,Bi). We pick 1 < A; < d 



12 



such that Ylj£A(m) a "j*k — 2- Then by Theorem 5.6 in [5], we have: 



/ , aj*kBt 



<MR«\\f(t)\\ r oc,lo, 



J&A(m) 

Therefore we have: 

P(ll/lloo,[o,i] < e) =P(||/ir oOi[0 ,i] < 

<P 



oo,[0,l] 



SjG^(m) a J*k B t ||oo,[0,l] 



MRi 



Ce r 



<P ( II E Oj** S t J |loo,[0,l] ^ eT/2 ] + P ( M ^ ^ £_r/2 ) 
\ J6.4(m) / 



<P 



JdA{m) \/J2 a2 J*k 



a J*k gj 



< Vde r/2 I + C p e p 



oo, [0,1] 



<C HAp e p 



The last inequality follows from the induction hypothesis and the fact that R has finite moment of 
all orders. □ 

Corollary 3.7 For any m > and p > 1, we have 



E 



inf 



f\ £ ajBifdt; £ a? = l 



CH,d,m,p < 0° 



l€.4(m) ie.A(m) 

Proof. By Lemma 2.3.1 in [18], we only need to show that for any e > 0, there exists C p > such 
that 

sup P I / I J2 aiB t 1 * < e I < C p e p 

J2ieA(m) a2 i = 1 y° \leA(m) J ) 

Let us denote that f(t) = Ylie(A)(m) a iB\- Then we have: 

f[ E a ^j A<ej=P(||/||i 9 <e)=P(||/|| i ,<v^) 



By using the interpolation inequality 



<2max{||/|| L2 ,||/||-+ 1 |l/r +1 } 



1r 1_ 

2r + l || t\\ 2r + l 

r 



we obtain: 



L- 



<Vi}c{M^ <v ^,||/|| L2 >||/|| r } 



u 



2r + l 
2r 



1 
2r + l 



<Ve, \t\i?< 
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2r + l 
2r 



therfore we have: 

P(ll/llL»,[0,l]<>/i)<P(||/||oo ) [0,l]<2Vi) + 

<nil/lloo,[0,l]<2^)+nil/lloo,[0, 

Therefore, the result follows by Lemma [3 .61 and the fact that ||/|| r has finite moments of all orders. □ 
We can observe that thanks to Corollary 13.71 we have for and m > 0, p > 1 and T, s > 0, 



Oi[0>1] <6 1 /4 )+I p ((2 || / || r2 , + 1) ^ >e -l/4 ) 

l)1] < e ^) + P(||/|| r .>2- 2r - 1 e- r / 2 ) 



E 



inf W T ( E *&?& E T^\^a]>s 



^H,d,m,p^ 



ieA(m) leA(m) 

Lemma 3.8 Let m > and I G A{m), if gj : (0, l] 2 x O — > R is a continuous process such that: 

i/2\ P- 



^4 p = sup E 
Te(o,i],ee(o,i] 



r -(m+i )jff -i/2 J J- f(g\{t)) 2 dt 



< oo 



then 



inf{( / T ( ^ a^+sKi))) 2 ^] ! E T 2 ^ H+1 a 2 I = l}<z- l \<(4PC HAm ^+A 2p ) 



-or 



/or any T G (0, 1] and z > 1, r = (m+1 /^ g+1/2 
Proof. For any T G (0, 1] and y > 1, we have 

2 x 1/2 



(jf( E «/(£'+ <?/(*))) *) 

^ (/ T/ [ E ^{Bl + g\{t))\ eft J 

* (/ ( E «W) di ) - ( E ^ rw £ / 

V° \Je.A(m) / / \l<=A(m) J \ l£A(m) J 



1/2 



ff/(*) 2 * 
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Now let us pick z = y( m + 1 / 2 ) H + 1 / 2 ^ we have 



1/2 



inf{ U ( E a 7 (^ + af(t))) 2 (ftj ; £ r 2 ^ = 1} < z^ 



I<=A{m) 



I&A(m) 



< 



(\ V* 
/ T/y ( £ a/^) 2 **) ; E Z* |J|2f+1 a? = 1} < 2z" 
7e.A(m) / l£A(m) 



(gmVdt > Z 



+ p T -(2mH+l)/2 I V- /" 
I \l£A{m) J 

(r T /y 
mf{ / ( E a/^) 2 *; E V/y) mH+1 <Z > v 
7e.A(m) ieA(m) 



(2mH+l)| < 4 ^ 



T/y 



1/2 



\l£A(m) J ) 

< (4z- 2 y 2 ^+ 1 ) p C m , n , p + (y-^ 1 ^- 1 /^)*^ 

< (4 p C^, m , p + A 2p ) y" Hp 

< (4 p Cff, d , m , p + A 2p ) z~ r P 

□ 
Now, by applying the above lemma with m = I — 1 and Lemma f3.3l we obtain the following corollary: 

Corollary 3.9 For any p > 1 and (5 > 0, i/iere exists a constant C v such that 



*M E 



E f t t^ I ^- 2)H+1 a I a J (^(s,x),^(s,x)) Rd d S] E l«/| 2 = 1 \ < * ) 



<C n 



for any e £ (0, 1] and any x S W 1 . 

We are finally in position to give the proof of Theorem 13.51 First, let us recall that Mf j(x) = 
(f3 I,e (-,x), f3 J,e {-,x))f-i. We separate the case 1/4 < H < 1/2 and H > 1/2, since we are using 
different interpolation inequalities for each case. When 1/4 < H < 1/2, for any a G R" 4 - 1 ") we have: 

E ajajM^x) = E II E «J# e (-.*)lli 

I,J6/ti(*) J=l /6^i(0 

d ,1 



I'H 



> C hJ2 f ( E o//9/' e (t,x)) 2 d« 
i=i ,/o 76^i (0 

= C " E / ojaj( / 9 J,6 (t J x), / 8 Jie (t ) a;)) R dd< 



7,Je^i(0' 
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Therefore we conclude that: 

P I inf | Yl cnajMlj{x); ^ |a 7 | 2 = 1 I < 5 J < C P , H S P , 

by applying the Corollary 13.91 above when t = 1. Now we turn to the case when H > 1/2. To 
simpify the notation, let us denote fj = J2ieAi(i) a lPj' e (ti x )- Applying the interpolation inequality 
(|2,2h and note that ||/j||oo > II/j'IIl 2 on the interval [0, 1], we have: 

d 
J2 a I ajMl J (x) = Y J \\ E a 4' £ (-'* 



l,JeAi(l) j=i leAi(l) 



> 



> 



Ch 2^ l77,|2+i/7 I 
j=i \\\jj\h / 

max J=li ... )d \\jj\\ry 



max i=lr .. jd ||/ i ||^ +2/7 
C d ,H (Y,i,JeAi(l) fo aiaj{(i I ' e {t,x),f3 J ^{t,x)) Rd dt 



3+1/7 



II f ll 4 + 2 /7 



Then we have: 



inf ^ E a/«jM| :J (x); ^ l°/| 2 = 1 \< S 

[i,JeAi(l) ieAi(l) J y 

fir 1 1 /^^ 

< P inf { V / aiaj(p I < e (t,x),P J > e {t,x)) 1t/ idt; V |a,| 2 = 1 } < — - 

+ P (inf J max H/J^; £ |a/| 2 = l| > *" 1/2 ) 

and the result follows by chosing t = 1 in Corollary 13.91 and by the fact that ||fj|U has finite moment 
of all orders. 

4 Integration by parts formula 

In this section, we will the integration by parts formula which leads to our main result. 
Proposition 4.1 For any f G C^°(M. n ,M.), e £ (0, 1] and x £ R n , we have 

v [ ] ] f(xr)= E (MiAxT'D^nxr) 

JeAi(i) 
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Proof. First note that by chain rule together with Lemma 13.21 we have: 

Biffin =(v/(in> D^r)i» 

=(V/(xr , ),J %i(«/o% i )^ 1 ^(^' x )>M" 

=(V/(xr),J %i( E /3-* £ (i^)^](^))>R« 
leAi(l) 

=(Vf(Xn, E ^' e (*^)^iV [ ! ] (x)}«, 

= e ^(t^w^fixn 

ieAi(l) 
Now for J G ^4i(Z), by definition, we have: 

= ( E ^ ,e (-.ar)Vft/(Jrr), P J > e {;x))-H 
ieAi(l) 

= E Vft/WX^ X),^(; X)) H 

leAi(l) 

= e Mij(x)vf n f(xr) 

I&Ai(l) 

v{ I] f{xr)= E (^(aorw/w 8 ) 

JeAi(l) 



Hence we conclude 



D 



that satisfies the 



Let us introduce the following definition: 

Definition 4.2 We denote by 1C the set of mappings &(e,x) : (0, f] x W 1 
following conditions: 

1. $(e, x) is smooth in x and 9x ® (e, re) is continues in (e, x) G (0, 1] x M. n with probability one for 
any muti-index u; 

2. For any k,p > 1 and multi-index v we have: 

^6(0,1] ° X Bfe , p 

Lemma 4.3 

}■)■ 



1. (3j' e (l,x) e 1C for any I,J e A^l). 

2. {Mjj{x)Y l G /C /or any /, J G Ai(l). 
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3. 9i(e,t,x) = EjeA.iD^^xXMljix))- 1 G K. 
Proof. This is a direct consequence of Lemma 13.31 and Theorem 13.51 □ 

Proposition 4.4 Let $(e, x) G /C, then for any I G Ai(l) , there exists Ty e 3>(e, x) G fC such that 



^(e^/pf^)) = E [f(Xl' x )T^(e,x) 
Proof. We have 

Eme,x)V {I] f(Xr))=EU(e,x) £ (il^s))" 1 ^/^) 

\ JgA(0 

\ J6A(0 

=E(f(X{'*)T^ i] $(e,x] 

where 

\JeAi(l) 
=6(*i(e,t,x)Q(e i x)). 

Then, by using the continuity of 5 : D +1 — > D and Holder's inequality we have: 

||T£« $(e,x)|| Dfc . P <C , fcj p||*j(e,t l x)*(e,x)|| D k+i,p 



<Cfc, p ||^/(e,t,x)|| Dfc+ i,,||$(e,x) 



fc + 1,9 



where i + - = -. D 

r q p 



5 Regular izat ion bounds 



Now we are ready to state our main theorem. Consider the equation: 



X? = x + J2 f Vi(X*)dBi, (5.11) 



where the vector fields V\ , . . . , Vd are C°° bounded vector fields on M. n and where B is a fractional 
Brownian motion with parameter H G (1/4, 1). 
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Theorem 5.1 Let x G M. n and p > 1. For any integer k > 1 and I\,- • • , /& G -Ai(l), there exists a 
constant C > (depending on x) such that for every C°° bounded function f , 

\V [h yV [h] P t f(x)\ < Ct-^+-+^ H (P t fP(x))K t G (0,1]- 

Proof. Let e = t. By the fact that Xf has the same distribution as X^' x , we have: 

%] • • • V [Ik] PJ(x) =V [h] • ■ • V [Ik] E(f(Xf)) 
=V [h] ■ ■ ■ Vj 4] E(/(X*)) 
= e -(W+-\^) V[ j 1 yV^ ] E(f(Xr)) 

To prove the theorem, it is sufficient to show that there exists <3?(e,x) G K, such that: 

v( It] ■ ■ ■ v( Ik] nf{xr)) = E(/(*r)*(e, *» (5.12) 



And the result follows by a simple application of Holder's inequality. We prove the equation ()5.12|) 

by induction. When k = 1, by Proposition 14.41 there exists T yt l(e, x) G /C. Now suppose the 

[ J i] 
statement is true for fc = m, then there exists $(e, x) G /C and we have: 



r£,X\ 

^yt,xj) 

•-e,x\Tre 



l + /[L]-^] E (/w)) =V[L +1 ] E (/(*r)*(^)) 

=E (#(^)^ +ll /(in + /(^V^e,*^ 
=E (f{X{' x )n, *(e,s) + /(X 1 6 ' s )V[! ra+l] *(e > x) > ) 

=E (/(*?") (t^ +i] $(e ; x) + Vif m+l] $( e , x) 

Since by induction hypothesis we know <3?(e, x) G fC. Now by Proposition 14.41 we have that 
I Tyz $(e,x) + Vh ,$(e, x) J G K and this completes the proof □ 

As a straightforward corollary of the previous result, we finally deduce the following regularization 
result: 

Theorem 5.2 For any integer k > 1 and Ii, ■ ■ ■ ,!& G Ai(l), there exists a constant C > such 
that for every C°° bounded function f, 

\V {Il yV [Ik] P t f(x)\<Ct-^+- + ^ H 

for any t G (0, 1] . 
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